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Abstract 

In this article, we have introduced {p, g')-variant of Stancu-Schurer operators and discussed the rate of convergence 
for continuous functions. We have also discussed recursive estimates, Korovkin and direct approximation results 
using second order modulus of continuity, Peetre’s K-functional, Lipschitz class. 
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1. Introduction 

In 1885, Weierstrass gave a very famous result known as Weierstrass approximation theorem which plays an 
important role in the development of approximation theory. It was considered to be typical until Bernstein gave 
an elegant proof of it. BernsteinlUl considered polynomials for the continuous functions / G C[0,1] defined as 
follows 

= Y^Pny{x)f(-\ k = 0, l,2,...,n= 1,2,3,... 

k=a ^ 

where, Pn.k{x) = (^)x^(l and x G [0,1]. It is a powerful tool for numerical analysis, computer added geo¬ 

metric design(CAGD) and solutions of differential equations. 


For the last two decades, the application of ^-calculus emerged as a new area in the held of approximation 
theory. Motivated by the applications of ^'-calculus, LupasQ introduced a sequence of Bernstein polynomials 
based on q'-integer. Another form of g'-Bernstein operators were given by Philips IH. Several researchers intro¬ 
duced different type of operators based on ^'-integers (Ei-ii). Recently, Mursaleen et al and Acar applied {p,q)- 
calculus in approximation theory and introduced (/7,q')-analogue of Bernstein operators 13, Bernstein-Kantorovich 
operators ifT^ . Bernstein-Stancu operators iflOl and Szasz-Mirakjan operators ifTJI respectively. The aim of {p,q)- 
integers was to generalize several forms of ^-oscillator algebras in the earlier physics litrature lflTl . 


Let 0 < q < p < 1. Then, (p,^)-integers for non negative integers n,k are given by 

p'^-q^ 




p-q 


and [k]p^q = l for k = 0. 


{p, ^)-binomial coefficient 




P,? 


[k\p,q^\n k\p^q\ 


and (/7,g')-binomial expansion 

{ax + byfp^^ = ^ 


k=0 \ / p,q 


(n-k){n-k-l) k(k-l) p 

p 2 q^^a" '"hV V, 

1 1, 


ix+y)lq = ix + y)ipx + py){p x + q y)...{p'' x-/ y). 
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Mursaleen et al (HI]) defined Bernstein-Schurer operators in the following way 


</(/;*) = I' 


/ = 0,1,2,3, ...,n = 1,2,3,... 


1 / I v(v-l) n+l-V-l 

where U {p^-q^x). 


j=o 


Motivated by the above developments, we dehne (p,q')-variant of Stancu-Schurer operators for any 
/ G C[0,1 + l],x G [0,1] and 0 < a < j3, as follows 


( 1 ) 


«+/ 


Snfif'^x,p,q) = ^ bli{x\p,q)f 


v=0 


' p{n+l) V[v]p^^_^o;' 

Wp,9 + ^ 


V = 0,l,2,3,...,n= 1,2,3,... 


( 2 ) 


One can notice that 

(i) for a — P — 0, (2) reduce to (1). 

(ii) for a = j3 = 0 and p = 1, (2) and reduces to <7-Stancu-Schurer lfT5l operators. 

In the present paper, we investigate the rate of convergence and Korovkin type theorem the operators dehned 
by (2). Moreover, we discussed direct approximation results using second order modulus of continuity, Peeter’s 
K-functional and Lipschitz class of functions. 


2. Basic estimates for Schurer-Stancu operators S“f {f;x,p,q) 

Lemma l.l lfTTl Let {f',x) be given by (1). Then for any x G [0,1] and 0<^<p<lwe have the following 
identities 


Klin-) 

KKKx) 


[n + l]p^, 


p,r 


JP>9 


[n + l]p,qP''^‘ ^x q[n + l]p,q[n + l-l]p,qX^ 


Jp.9 


Jp.9 


GC i3 

Lemma 2.2 Let x G [0,1] and 0 < ^ < p < 1. For the operators p {f',x,p,q), we have 


m 


m\ / CC 


s:fr-,x,p,q) 


KIKx)- 


Proof From (2), we get 
S“f {t"‘-x,p,q) 


hKlix,p.q)\ 


n+l 

v=0 


Hlq /p<"+')-''[v]p,, + a' 


i[n]p,q + P)"K [n] 


p,q 


S“f{t'"-x,p,q) = 



2 























Lemma 2.3 For S'^f, we have 

= 1 , 

^ Wp.,+j3 ’ 

ca.i3/.2 ^ _ [« + ^]p,9;’"+'^'+2a)x ^ q[n + l]p^q[n + l-l]p^qx^ ^ 

" ([nU+Py + ([«U + ^)2 

Proof We can prove these equalities using Lemma 2.1 and Lemma 2.2. 

cc i3 

Lemma 2.4 Let v4(0 = — x)' and f be the operators defined by (3). Then, we get 


a" 


{[n\p,q+P) 


2 ■ 


{Wx{tpx,p,q) 

Snf {¥Htpx,p,q) 


= 1 , 


'. + 1 ] 


p,q 


-1 \x+ ■ 


a 


S'^f {¥xitpx,p,q) 


\Mp,q + P J Mp,q+P' 

[n + l]p^q[n + l — l]p,<jr^ — 2[n + l]p^q{[n]p^q + ^) + ([n]p,ij + 2 


iMp,q + Pr 


, [n + l]p,qip”^ ^+2a)-2a{[n]p^q + p) ^ ^ a 

' /ri.nx') X 


iln]p,q + Pr 


(n + P) 


2 ■ 


3. Convergence properties of S'^f {f-,x,p„,q„) 

Theorem 3.1 Let / G C[0,1 + 1], (qn)n, {pn)n be two sequences such that 0 < ^„ < p„ < 1 and lim p„ = 1, 

n^oo 

lim q„ = 1. Then 

n^oo 

I! S"f{f-,X,Pn,qn)-f{x) ||c[ 0 ,/+l]= 0 - 

Proof It is sufficient to show that for / = 0,1,2 


Snf if'■’X,Pn,qn){t‘',x)-x‘ W^O as 


For i — 0, it is obvious. 
For / = 1, we have 


\S‘^iff\X,Pn,qn)-x\ = 


^nf f'^X,Pn.,qn)-x\\\ 0 



[’^ + Ppn,qnX+<X 


Mp„,q.+P " 

< 

f[^ + l]pn,q. ^ 


V mpn,qn J 

-^0 

as n —>■ oo. 


a 


^\pn,qn + P 


For i = 2, 

\s“fit^-,x,p„,qn)-x^ 


\\Snff^’X,Pn,qn)-X^\\ -G 0 


[n + l]pn,qniph^' '+2a)x qn[n + l]p„,q,[n + l-l]p^,q„x^ 




< 


i[nU,q.+Pf 

[n + Ppn,qniPn^‘^^ +'^(^)x 


a 


i[nUq.+Pr 

2 


i{n]p„,qn+P)^ 

qn[n + l]p^^q„[n +1 — l]p„,^„ 


iMpn,qn+Pf 


i[n]pn,qn+Pf 


-1 


i{nUq„+P)^ 

as n —> oo. 



and this proves the theorem. 

Theorem 3.2 Let {pn)m {qn)n be the sequences such that 0 < < /?„ < 1 and lim = 1, lim = 1. Then 

n^<x> 


\Snf if'^x,p„,q„)-f{x)\ < 2a)(/; \J{x)), 

for all / e C[0, / + 1] and 5^f (x) = {\lfi{t);x,pn,qn)- 

Proof Calculating the difference, we find 


\S“fif-,x,Pn,qn)-fix)\ = 


n-'rl 


v=0 


< 0 + 


< 0 + 


«+/ 


\ [«w+^ J 


On v=0 




[”]pn,?n + P 




o0f,j8 \ 

d« ^ ^ v=o 


«+/ 


L^nA^'^P- 


(«+/)-Vr 1 

Pm ['^]pn,?n+*^ 


JPn.^n 


.9n + P 


>co{f-5,f^P{x)) 


= Y + -^\/^nf i'I^AtpX,p„,qn) \c0if-,5^’P{x)) 


choosing 5“,’^ = {wAtpx ,p„,qn), we get the desired result. 

Theorem 3.3 For 0<a<)3,0<^„<p„<l such that lim qn = 1, lim q„ = 1, and v € [0, 1], we have 

n^oo n—¥oa 




where f{x) has continuous derivative over [0, 1 + 1] and cUi (/; 5„ p) is the modulus of continuity of f'(x). 


Proof For fi,f 2 S [0,^?] and ti < rj < t 2 , it is known that 

fin)-fill) = (fi-f2)/'(i?), 

= (fl-f2)/(fl) + (fl-f2)[/'(l?)-/'(fl)], (3) 

and from Lorentz[ |fT6l . p. 21, Theorem 1.6.2], we have 

|(fi-f2)[/'(T?)-/'(fi)]| < |fi-f2|(l + l)a)i(5), (4) 

where A = A(xi,X 2 ;5) is the integer [|fi — f2|5^']. 

Now, we have 




«+/ 


Y^bl,{x-,p,q)f 

v=0 


WiPn,Pn + P 


-fix) 


(5) 


4 


























Using (3) and (4), we get 




n+l I 

Y,bli{x-p,q)ix- 

v=0 \ 


(n-\-!)-Vr 1 , \ 

Pn [v]p„.^„ + a\ . 


n-\-l 


+«i(C') E 

V=0 


Wpn.^n + P 

{«+/)-Vr 1 


JP/i,9h 




< E 


n+l 


v=0 


p'"+')-''[v]p„.p„ + a 


[^]pn,qn + P 


f'{x) 

bni{x\P,q) 


n+l 


v=0 


p'”+')-''[v]p„,.„ + a 




— X 




< 




v=0 


[”]pn,9n + P 


bli(x;p,q) 


1 «+' / p("+') 


si3 E 

o„ v=0 


Wpn,9ii + P 


-X bl,(x-,p,q) 


< ’I""’ ) 

= (^,f) A°.f (v>;:») 1 1 + ’" ■ 


Taking = ([«]p,g + )3) ', we get 

l<f(/;^)-/WI<®i(([«U+^)-‘)y5^f(^?(^|i + y(^^ 


4. Direct results for 5“f (/;x) 

Let Cb[0,oo) denote the space of real valued continuous and bounded functions / on [0,oo) endowed with the 
norm 


ll/ll = sup \f{x)\. 

0<x<oo 

Then, for any 5 > 0, Peeter’s K-functional is defined as 

K2{f,5) = inf{\\f-g\\+5\\g"\\ : g eCl[0,o°)}, 

where C|[0,oo) = {g G Cb[0,oo) : g^g” G Cb[0,oo)}. Now, we know that there exits an absolute constant C > 0 
Devore and Lorentzi lfTTll . p.l77. Theorem 2.4] such that 

K2{f-5)<Co}2if-,V5), 

where a) 2 (/; 5) is the second order modulus of continuity given by 

( 02 if,Vd)= sup sup \f{x + 2h)-2f{x + h)+f{x)\. 

0</!<\/5-t6[0.“>) 

Theorem 4.1 Let / G Cn[0,l + 1], {q„)n, {pn)n be two sequences such that 0 < q,, < Pn ^ ^ and lim p„ = 1. Then 
for all X G [0,oo) there exists a constant K >0 such that 


{f-,x) - fix) I < Ka >2 (/; ® f /; f 

\ \ rJPn.Pn I P 


-1 U + 


a 


[”]pn,Pn + P 


5 






























where 


©“fw = s';:f{{t-x)\x)+((^^ 

\ \ [^\pn,qn 


- 1 x + 


[”]/>«,9n + P 


Proof First, we consider the auxiliary operators S 


= Cl (/;^)+/W -f((^ 

\ \ [^\pn,qr. 


pn-,qn + ^ ) [n] pn + P ' 


We find that 




^f{t-x-,x) =0, 


|5^/(/;x)|< 311/11. 


Let g G C|[0,oo). By the Taylor’s theorem 


I 

g{t) = g{x) + {t -x)g'{x) + J{t-v)g''{v)dv. 


I 

(8-,x) -g{x) = g’{x)S^fit-x;x)+^f(^J{t-v)g”{v)dv;x^ 

X 

t 

= Ca{Jit-v)g”iv)dv;x^ 

X 

t 

= S-;![J{t-v)g”{v)dv,x) 

X 

( [^+^]pn,qn a 

^ [f^]pn,gn+P / , , 

! { \’' + t]p,.,. ,Y,| 

1 + ) 


”]pn,<7n + ^ 


-V g"{v)dv. 


Therefore 


\C^{gpX)-g{x)\ < {t-v)g"{v)dv,x 


( W-^Apnm _ 1 ^ v-1- o: 

^ W Pn -.qn +P ' W Pn ,qn +P 

J 


+ -lV + 


Wlpn^qn P J [^] Pn ^qn 


-V g"{v)dv . (9) 


-v)g''{v)dv <(t-x)2||/ 


6 



then we have 


V[«]p„,g„+^ / W/>n,g. 


/ 


<?« +/^ 


i + /] 


Pni^n 


^\pn,qn + P 


- 1 X + 


a 


”]pn,9n + P 


-v^g"{v)dv < 


I + /] 


Pn i^n 


From(6),(7) and (8), we have 


\^f ig-,x) - g{x)\ < |5“/((f-x)2;x)+ 


+ 


a 


^]pn,qn + ^ , 


[^]pn,qn + P 

a \ 2 

Wpn,9n + ^ 


>11/11 


— lx 


/l!(ii) 


Next, we have 


= n“fW ll/ll. 


1^“/(/;/-//)! ^ \^fif-8'^x)\ + \{f-g){x)\ + \^f{g;x)-g{x)\ 

[n + 


( 12 ) 


/ 


, [^]pn,qn + P 


- 1 X + 


a 


^]pn,qn + P . 


-fix) 


Using(9), we have 


Kfif'’X)-f{x)\ < 4\\f-g\\+^f{g-,x)-g{x)\ + 


\ \ [^]pn,qn P 


a 


< 4||/-g||+0“f(x)||/|l+cn /; 


. f [« + l]pn,q 




[”]pn.Pn + P 

a \ 


-fix) 


”]pn.Pn+^ y Wpn,9n y 

By the definition of Peetre’s K-functional, we have 

KfiPq-mi < c^f. +c(/; (F±^ _rat) ^ 

cc i3 

Now, we discuss the rate of convergence of the operators ^ in Lipschitz class Lipuid), given by 
Lipuia) = {/G C[0,oo); |/(f)_/(x)| <M|t-x|“ :x,f G [0,1]} 
where M is a constant and 0 < a < 1. 


Theorem 4.3 Let / G Lip Mid) and 0 < q < p < 1. Then, we have 

Kf if'^x) - f{x) I < Md“f (x), 

where d“f(x) = ((f-x)^;x). 

Proof Let a = 1 and 0 < ^ < p < 1. Then for / G Lipuif), we have 

I ^n f (/; - /(2C) I < E ^1,1 ix'^P^f) 


v=0 
n+/ 


/I -/M 




v=0 


y Wp.P + P 

(n+l)-Vr 1 

Pft [^]p,p 4” ^ 


[”]p.p + P 


= M5„7(|f-x|;x) 

< M(5“/((f-x)2;x))2 

= M(5„f (x))2 



Thus, the assertion hold for a = 1. Now, we will prove for a € (0,1). From the Holder inequality with p = ^, 
q — we have 




n-\-l 

L KM pa) 

. v=0 


/I 


^ {n-\-l)-Vv 1 , ^ 

Pn “f ^ 


-fix) 


iP-.q 


/ n+l '' 

X 'EKMpa) 

V V=0 y 


1 

1-a 


< 


Since / G LipMid), we obtain 


n-\-l 

L K,Mpa) 

v=0 


«+/ 


/I 


^ (n+l)-Vr 1 , ^ 

Pn OJ 


-/w 


■ 


\Kfif’X)-fix)\ < Y^K.Mpa) 

\v=0 


(«+/)-Vr 1 




< M^fUt-xM))" 

= M{5“f{x))“ 

Remark Approximation results obtained for Bernstein-Schurer by Mursaleen at ahsee lfTTl ) are the particular 
case of our results for a = )3 = 0. 
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